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Abstract. We present a conjecture on the irreducibility of the 
' tensor products of fundamental representations of quantized affine 

algebras. This conjecture implies in particular that the irreducibil- 
ity of the tensor products of fundamental representations is com- 
pletely described by the poles of i?-matrices. The conjecture is 
proved in the cases of type A„ and C„ . 
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0. Introduction 



> 
oo 

^ [ In this paper we study finite-dimensional representations of quantum 

| affine algebras. Drinfeld (||) showed that any finite-dimensional irre- 

ducible representation is isomorphic to the irreducible subquotient of a 
q> . tensor product ® u V{w iv ) a}/ containing the highest weight. Here V{vjj) 

^rj| is the fundamental representation corresponding to the fundamental 

weight Wi and a u are spectral parameters. Moreover {{wi v \ a u )} u is 
uniquely determined up to permutation. This gives a parameterization 
of the isomorphic classes of finite-dimensional irreducible representa- 
tions. 



^ ■ However it is not known for example what is the character of those 

' (1) rem 

& ■ irreducible representations except the complete result for A\ (M) and 



some other results due to Chari-Pressley ([]!], 0). It has not even been 
known when ®V{w iv ) av itself is irreducible. 

In this paper we propose the conjecture on the irreducibility of 
® u V(w iv ) av and prove this conjecture for and . 

For x, y G C(q), let us denote x < y if x/y does not have a pole at 
q = 0. We denote by Ui the highest weight vector of V(zui). 

Conjecture 1. 

(1) If di < • • • < <2tv, then V{wi^) ai <8> ■ ■ ■ <8> V{wi N ) aN is generated by 
Ui x Cg) • • • Cg Ui N as a £/g(g)-module. 

(2) If ai > • ■ • > <2tv, then any non-zero f/s-submodule of V{vJi 1 ) ai ® 
■••(g) V(w iN )a N contains u h ® • • • <g) u iN . 



Date: February 9, 2008. 



1 



2 



TATSUYA AKASAKA AND MASAKI KASHIWARA 



Here U' q (g) is the quantum affine algebra without derivation (see 
§sec:aff). 

This conjecture implies in particular the following consequences. 

Claim 1. V{wi^) ai <8> • ■ ■ <8> V{w.i N ) aN is irreducible if and only if the 
R-matrix 

R™^(x,y) : V{w iv ) x ® V(w ifi ) y -> V{w^) y ® VViJ* 

does not /iare a pole at (x, y) = (a u , a M ) /or any 1 < u, fi < N (u ^ //) . 

Here w) is so normalized that it sends n^ g) u-^ to Wj M ® n^. 

Claim 2. Assume that R™j (x, y) has no pole at (x,y) = (a^,a M ) /or 
any 1 < fi < u < N . Then the submodule generated by u, lx ® ■ ■ ■ ® u iN 
is an irreducible submodule ofV{wi^) av ® ■ ■ ■ ® V{wi N ) aN . Conversely, 
any finite- dimensional irreducible integrable module is obtained in this 
way. 

Claim 3. If M and M' are irreducible finite- dimensional integrable 
U' q (o) -modules, then M <g) M' z is an irreducible U'(g) -module except for 
finitely many z. 

The plan of the paper is as follows. In §|I], we fix notations and 
explain the results used later. We announce non published results but 
they can be directly checked for the and Cjp cases. In we 
announce the main conjecture and discuss its consequences. In §|3|, 
we reduce the main conjecture to another auxiliary conjecture, which 
will be proved in the case A$ and in §f|. In the appendix, we 
shall calculate the explicit form of the normalized i?-matrices and the 
universal i?-matrices between fundamental representations of A^ and 
C«. 

The authors are grateful to K. Takemura for his helpful comments 
on this work. 

1. Notations 

1.1. Quantized affine algebras. Let (ay)ij e / be a generalized Car- 
tan matrix of affine type. We choose a Q-vector space t of dimension 
(jJ + 1 and simple roots G t* and simple coroots hi £ t such that 
(hi,ctj) = aij. We assume further that oti and hi are linearly inde- 
pendent. Set Q = J2i^c*i and Q v = J2i^hi- Let 5 = Sa^cci be the 
smallest positive imaginary root and let c = Y^^hi £ Q y be the cen- 
ter. Set t*! = t*/Q<5 and let cl : t* — > t* Y be the projection. We set 
t*° = {A 6 t*; (c, A) = 0} and t*? = cl(t*°). 
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We take a non-degenerate symmetric bilinear form (•, •) on t* such 
that 

(hi, A) = for any i e I and A G t*. 

(«*,«*) 

We normalize it by 

(c,\) = (8,\) for any A G t*. (1.1) 

We identify sometimes t and t* by this symmetric form. 

Let us take a (weight) lattice P C t* such that «j G P and hi G P* 
for every i 6 J. We assume further that P contains A, satisfying 
(hj,Ai) = Sij and that P n Q<5 = Z5. We set P d = P/Z5 C t* 1; 
P° = {A G P ; (c, A) = 0} C t*°, and P° = cl(P°) C t*,°. Note that the 
dual lattice of Q v coincides with P c \ = ©j e /Zcl(Aj). 

Let 7 be the smallest positive integer such that 

7(a i ,a: i )/2 G Z for any i G P (1.2) 
Then the quantized affine algebra P g (g) is the algebra over k = 



1/7) 

generated by the symbols e,, /j(i G J) and q(h) (h G P*) satisfying the 
following defining relations. 

1. g(/i) = 1 for h = 0. 

2. qihjqih) = q(h x + /i 2 ) for h u h 2 G P*. 

3. For any i G / and h G P*, 

q^aqih)- 1 = q M e l and 
q(h)f t q(h)- 1 = q-^fi. 

4. k,/ 7 ] = Si— l -r for i,j G /. Here % = g(«i.«0/ 2 and ^ = 

5. (Serre relations) For i 7^ j, 

ec-inv?^ = i:(-i) k fi k) f j ft k) = o- 

fc=0 fc=0 

Here 6=1 — (/ij, a,-) and 

ef } = e?/[*]i! , if = /iV[*]J , 

= («? - ?r*)/(ft - ft 1 ) , = [l]i • • • ■ 
We denote by U' q (g) the subalgebra of U q (g) generated by e i: fi (i G 
/) and q(h) (h G Q v ). 

In this paper we consider only U' q (g). A U' q (g)-modvle M is called 
integrable if M has the weight decomposition M = ®x e p cl M x where 
M x = {u G M;q(h)u = q {h ' x) u}, and if M is C/ 9 (0) r locally finite (i.e. 
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dimU q (o)iU < oo for every u E M) for every i E I. Here U q (g)i is the 
subalgebra generated by e*, fi and U. 

We use the coproduct A of U q (g) given by 

A(q(h)) = q(h)®q(h), (1.3) 

A(eO = e< <g> ff 1 + 1 <g> e< , (1.4) 

A(/i) = <8) 1 + *i <8) /< , (1.5) 

so that the lower crystal bases behave well under the corresponding 
tensor products. 

1.2. Finite-dimensional representations. Let IF C Aut(t*) be the 
Weyl group, and let / : W — > Z be the length function. Since 5 is 
invariant by IF, we have the group homomorphism cl : W — > Aut(t* 1 °). 
Let W d C Aut(t*!°) be the image of IF by cl . Then W d is a finite 
group. Let us take i E / such that lF d is generated by cl (sj) (i G 
Jo = I \ {^o}) an d that d( Q = 1. Such an io is unique up to Dynkin 
diagram automorphism. Hereafter we write instead of iq. We have 
(ceo, «o) = 2. 

Let us denote by W the subgroup of IF generated by s, (i E I = 
I \ {0}). Then VF is isomorphic to W d . The kernel of W -> W d 
is the commutative group {£(£);£ e Qci H Q d }- Here Qd — cl(Q) = 
X)j e / Zcl(aj) and = cl(Q v ) = X^e/ Zcl(/ij) and £(£) is the automor- 
phism of t* given by 

*(0(A) = A + (5, X)e - (£', \)S - ( ^p-(5, X)5 

for f G t* such that d(f') = f . 

The following lemma is well-known. 

Lemma 1.1. 

(i) If £ G Qc\ fl <5d 2s dominant (with respect to I ), then we have 

l(wot(0)=l(w) + l(t(0). 

(ii) // £ G <5d H <5d regular and dominant, then we have 

l(t(Oow) = l(t(Z))-l(w). 

Let us choose i\ such that W c \ is generated by clo(sj) (i E I \ {ii}) 
and that a ix — 1. For any z E k \ {0}, let ^(z) be the automorphism 

of C^(fl) g iven b y 

ip(z){ei) = z 5 ^ei, 

^(z)(fi) = z'^f,, 

1>(z)(q(h)) = q{h). 
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For a £/g(g)-module M, let M z be the C/g(g)-module with M as its 

underlying /c-vector space and with U' q (g) — > U q (g) — > End (M) as 
the action of U' q (g). Then M i-> M z is a functor satisfying (M®N) Z = 
M z <S> N z . This definition extends to the case z E K \ {0} for a field 
extension K D k. 

If M is a finite-dimensional integrable L^(g)-module, then the weights 
of M are contained in P^. 

1.3. Fundamental representations. We set tUj = cl(Aj — a/A ) for 
i G Jo- Then (wj) ie j forms a basis of P^. We call Wi a fundamental 
weight (of level 0). 

For % G Jo, there exists an irreducible integrable L^($j)-module V(zui) 
satisfying the following properties. 

1. The weights of V(vOi) are contained in the convex hull of W c \uji. 

2. dimV(m i ) VUi = 1. 

3. For any p G W c \Wi C P%, we can associate a non-zero vector 
of weight /i such that 

/ f^ } \ if /*> > 0, 
I if </K, /*> < 0. 

Then V(wi) is unique up to an isomorphism. Moreover V(w.j) has a 
global crystal base. We call V(vOi) a fundamental representation. Then 
V{wi) has a non-degenerate symmetric bilinear form ( • , • ) such that 
'ej = fi and t q(h) = q(h). Hence the duality is given as follows. Let 
wo be the longest element of Wo- Then for j e 7 there exists i* G Io 
such that 

Wi* = —Wo^>i- 

(Remark that % i— > i* with 0* = gives a Dynkin diagram automor- 
phism.) 

Then the right dual of V{wi) is \^(n7j*) p with the duality morphisms: 

k — > \/(G7j.) p . <g) V(ti7i) and V(o7i) <8> V(ti7j*)p* — > fc (1.6) 

with p* = (— l)^' 5 )^' 5 ). Here p and p v are defined by: (hi, p) = 1 
and (p y ,ai) = 1 for every i G I. Usually (p,S) = X^e/ / is called the 
dual Coxeter number and (p v , 5) = J2iei a i the Coxeter number. 
Let nii be a positive integer such that 

W(Ai - aiko) = (A, - a 4 v A ) + ZrmS . 

We have mi = (ccj, a:j)/2 in the case where g is the dual of an untwisted 
affine algebra, and m ; = 1 in the other cases. 
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Then for z, z' G K*, we have 

V{wi) z S K(n7<)y if and only if z mi = z' m \ (1.7) 
Hence we set 

The following theorem is announced by Drinfeld (0j), and its proof 
is given by Chari-Pressley (0). 

Theorem 1.2. Lei K D k be an algebraically closed field and let M 
be an irreducible finite- dimensional U'(q)k -module. Then there exist 
ii, ■ ■ ■ j i N G Jo an d Zi, . . . zn £ if \ {0} such that M is isomorphic 
to a unique irreducible subquotient of V{w ix \ Z\) ® ■ ■ ■ ® V{w iN \ z^) 
containing the weight J2u=i w i v - Moreover, {(ii; z\) , . . . ,(i N ]ZN)} is 
unique up to permutations. 



Definition 1.3. We call V{vji v \ z v ) a component of M. 

1.4. Extremal vectors. We say that a crystal B over U' q (g) is a reg- 
ular crystal if, for any J C I, B is isomorphic to the crystal associated 

with an integrable ?7 9 (0j)-module. Here U q (gj) is the subalgebra of 
U' q (g) generated by ej, fi and U (i G J). This condition is equivalent to 
saying that the same assertion holds for any J C I with two elements 

(see |L1|, Proposition 2.4.4]). 

By flQfl , the Weyl group W acts on any regular crystal. This action 
S is given by 



5,.. b 



~-(hiM(b)) b if (/ l . )Wt ( fo ))< . 



A vector b of a regular crystal B is called i-extremal if e^b = or 
fib=0. We call b an extremal vector if S w b is i-extremal for any w <E W 
and i E I. 

Lemma 1.4. For any X, \i G t*f m t/ie same H^i-crto, we can find 
ii, . . . ,iw G I such that 

1^ Sin ^ii A, 

(^i fc , s * fc _i • • • s ii^) > f or an V 1 <k < N. 

Proof. It is enough to prove the statement above for a regular integral 
anti-dominant (with respect to Iq) weight A and the dominant weight 
H G W\. We may assume further A G Q c \ D Q^\- Let w be the longest 
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element of Wn 



By Lemma |1 . 1| , we have 

l(t(X)) = l(t(-X)) 

= l(w ) + l(t(-X)w ) 
= l(w Q ) + l(w t(X)). 

Take a reduced expression wot(X) = Si N • • • s^. Then for 1 < k < N 
we have l(t(X)si 1 • ■ • Si k ) = l(t(X)) — k and hence t(X)si 1 • • • Si^ctk is a 
negative root. Since it is equal to s^ ■ ■ ■ s ik _ 1 ak — (A, Sj 1 • • • s ik _ 1 a>k)5. 
and Sj x • • • s ik _ 1 ak is a positive root, we conclude 

(A, s h ■ ■ ■ Si^ak) > 0. 

On the other hand we have the equality s iN ■ ■ ■ s^X = w t(X)X = w X 
in t*!°. Hence it is equal to /i. □ 



Lemma 1.5. Let B be a finite regular crystal with level {with weight 
inP°). 

1. For b G B, there are i±, ■ ■ ■ , ijv G I such that ef^ x ■ ■ ■ e™ ax 6 is an 
extremal vector. 

2. Any vector in the W -orbit of an extremal vector b of B is written 
in the form e™ ax • ■ ■ e™ ax 6. 

Proof. Let us set F l = {g™ ax • • • e^b ; i u ■ ■ ■ , i, G /}, F = U/>o*J- 
Replacing b with b' G F with maximal (wt(6'), wt(6')), we may assume 
from the beginning that (wt(fe'), wt(6')) < (wt(6), wt(6)) for any V G 
F. Since (wt(ft'), wt(6')) > (wt(6), wt(6)), we have (wt(fo'), wt(fe')) = 
(wt(6), wt(6)) for any b' G F, and hence any b' G F is z-extremal for 
every i G /. Moreover the weight of 6' is in the Wd-orbit of wt(6). Then 
for any weight /i of F and i such that (hi, fi) < 0, S s . sends injectively 
i 7 ^ to F SifJi . Hence ^(F^) < §(F Sifl ), and Lemma [O] asserts that they 
must be equal. Therefore Si : F^ — > F SiAt is bijective. This shows that 
F is stable by all S Si . Thus we have (1) and (2). □ 



Lemma 1.6. Let B\ and B2 be two finite regular crystals. Let b\ and 
b 2 be vectors in Bi and B 2 , respectively. 

1. If bi and b 2 o^e extremal vectors and if their weights are in the 
same Weyl chamber, then b\ <S> b 2 is extremal. 

2. Conversely if b\ <S> b 2 is extremal, then bi and b 2 are extremal 
vectors and their weights are in the same Weyl chamber. 

Proof. (1) is obvious because S w (bi <S> b 2 ) = S w bi <S> S w b 2 under this 
condition. 
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We shall prove (2). Since e™ ax ■ ■ • e™ ax (&i ® b 2 ) = e™ ax ■ ■ • e™ ax &i ® b' 2 
for some b' 2 G B 2 , the preceding lemma implies that b\ is extremal. 
Similarly b 2 is extremal. It remains to prove that wt(&i) and wt(&2) 
are in the same Weyl chamber. Let us show first that wt(6i ® b 2 ) 
and wt(6i) are in the same Weyl chamber. We may assume without 
loss of generality that wt(&i <g> b 2 ) is dominant (with respect to Jo). 
Then ej(&i <8> b 2 ) = for every % G Jo- Hence e^b\ = 0. Hence wt(&i) is 
dominant. Hence wt (61 1^)62) an d wt(6i) are in the same Weyl chamber. 
Similarly wt(&i ® b 2 ) and wt(6 2 ) are in the same Weyl chamber. Thus 
wt(&i) and wt(6 2 ) are in the same Weyl chamber. □ 

Definition 1.7. We say that a finite regular crystal B is simple if B 
satisfies 

1. There exists A G such that the weights of B are in the convex 
hull of W cl X. 

2. tt(B A ) = 1. 

3. The weight of any extremal vector is in W C \X. 



Proposition 1.8. The crystal graph of the fundamental representa- 
tions is simple. 

The proof will be given elsewhere. However we can easily check this 
for the A$ and cases. 

Lemma 1.9. A simple crystal B is connected. 

Proof. In fact, any vector is connected with an extremal vector by 
Lemma |1.5| . □ 

Lemma 1.10. The tensor product of simple crystals is also simple. 
Proof. This immediately follows from Lemma |1.6| . □ 

Proposition 1.11. Let M be a finite- dimensional integrable U'Jq)- 
module with a crystal base (L,B). Assume the following conditions. 

(1.8) B is connected. 

(1.9) There exists a weight A G P c *j such that dim(M^) = 1. 
Then M is irreducible. 

Proof. We shall show first that M A generates M. Set N = U' q (g)M x 
and N = (L H N)/(qL fl N) C L/qL. Then N is invariant by and 
/j. Hence N contains B, and Nakayama's lemma asserts that iV = M. 
By duality, any non-zero sub module of M contains M\. Therefore M 
is irreducible. □ 



FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS^ 

Corollary 1.12. A finite- dimensional U' q (g) -module with a simple cn/s-J 
tal base is irreducible. 

Corollary 1.13. For i±, . . . ,i^ G Iq, Viw,^) <£>••■(£) V{w iN ) is irre- 
ducible. 

We define similarly an extremal vector of an integrable ?7'(0)-module. 

Definition 1.14. Let v be a weight vector of an integrable U'(g)- 
module. We call v extremal if the weights of U' q {g)v are contained 
in the convex hull of Wwt(v). 

When the weight of v is of level and dominant (with respect to I ), 
v is extremal if and only if wt(U' q (g)v ) C wt(t> ) + J2iei ^<o c K a i)- m 
this case, we call v a dominant extremal vector. 

Since the following proposition is not used in this paper, the proof 
will be given elsewhere. 

Proposition 1.15. Let v be a weight vector of an integrable U' q (g)- 
module. The following two conditions are equivalent. 

1. v is an extremal vector. 

2. We can associate a vector v w of weight tuwt(t)) to each w G W 
satisfying the following properties: 

(a) v w — v if w = e, 

(b) If i & I and w G W satisfy (hi,wwt(v)) > 0, then CiV w = 
andv StW = f^ t{v))) v w , ^ ^ 

(c) If i <E I and w G W satisfy {hi,wwt(v)) < 0, then f\v w = 

and v SiW = e~^ hl ' wwt ^ v ^v w . 

The implication (1)=^(2) is obvious. 

Lemma 1.16. Let Mi and M 2 be finite- dimensional U' q (g) -modules 
and let v\ and v 2 be non-zero weight vectors of M\ and M 2 . If v\® v 2 
is extremal, then v\ and v 2 are extremal and their weights are in the 
same Weyl chamber {in t*®). 

Proof. We may assume that wt(^i ® v 2 ) is dominant. We shall use 
the Drinfeld generators H hn , Xf n . They satisfy cl(wt(if ti)ra )) = 0, and 
cl(wt(X+ n )) (resp. cl(wt(X~ n ))) are positive (resp. negative) classical 
roots. Let U' q {o) ± be the subalgebra generated by the X^s and U' q (g)° 
be the subalgebra generated by the if tiin 's. Then the multiplication 
homomorphism U q (g)~ ® U q (g)° <E> U' q (g) + — > U' q (g) is an isomorphism. 
Moreover, A(X t + ra ) can be written in the form 

l<S>X+ n + ^2A v <S>B v 
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where d(wt(A„)) G (Eie/ Z> d(ai))\{0}. and cl(wt(^)) G Eie/ Z >o cl ("i)-H 

Since X+ n (v\ ®v 2 ) = 0, we have X+ n {v 2 ) = 0. Therefore U^(g) + v 2 = 
kv 2 . Hence the weight of U' q (Q)v 2 = U'(g)~U' (q)°V2 is contained in 
wt(t> 2 )+Eie/ ^<o c K a i)- Hence v 2 is extremal. Similarly v\ is extremal. 

□ 

2. Conjecture 

We denote Un>o C((n F/>< )) by k and U n >o by A. Hence k 
is an algebraically closed field and A is a local ring. For a, 6 G A; x = 
\ {0}, we write a < 6 if a/b G A. 

For i G Jo, let Ui denote the dominant extremal vector of V(wj). 

Conjecture 1. Let i\, . . . , i\ be elements of Jo and a±, . . . , a/ non-zero 
elements of k. 

(1) If ai < • • • < ai, then V r (/zi7j 1 ) ai ® ■ • ■ ® ^(t^Ja, is generated by 
ttij <8> ■ ■ ■ <8> Wi; as a £7'(fj) ^-module. 

(2) If ai > • ■ ■ > a h then any non-zero [/^(g^-submodule of V(t*7j 1 ) ai ® J 
■ • ■ ® V(zui l ) ai contains ® • • • ® Ui r 

Note that (1) and (2) are dual statements and therefore they are 
equivalent. One can compare (1) to the case of Verma modules and (2) 
to the case of the dual of Verma modules. 

Let us discuss several consequences of this conjecture. 

For i,j G Jo, there is an intertwiner 

R™(x, y) : V(wi) x ® V{wj) v -> V{wj) y ® V{w i ) x (2.1) 

We normalize this such that R sends Ui®Uj to Uj®Ui. Then we regard 
it as a rational function in (x, y). Since it is homogeneous, its pole locus 
has the form y/x — constant. We call it the normalized R-matrix. By 
Corollary |1.13| such an R™ T (x, y) is unique, 

Corollary 2.1. If d\ < a 2 , the normalized R-matrix Rfj r (x,y) does 
not have a pole at (x, y) = (ai, a 2 ) 

Proof. Suppose that Rf° r (x, y) has a pole at (x, y) = (a\, a 2 ). Let R' be 
the non-zero L/^(j)-linear map V{wj) ai ®V{wj) a2 — > V{vjj) a2 ®V{wj) ai 
obtained after cancelling the poles of R™ r (x,y). Then R'{ui <8> Uj) = 
0, and hence Im(J?') does not have weight Wi + Wj. On the other 
hand, Conjecture [3] (2) implies that Im(J?') contains Uj <8> which is 
a contradiction. Hence Rf° T (x,y) has no pole at (ai,a 2 ). □ 

Corollary 2.2. Let K be a field extension of k, and i\, . . . ,ii G Jo, 
a 1; ... ,a,G Ji" x = K\{0}. 

(1) Assume that Rf°^ (x,y) does not have a pole at (x,y) = (a v ,a^) 
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for 1 < u < fi < I. Then V(r*7i 1 ) ai (g) • • • (g V{wi l ) ai is generated by 
Mi! <S> ■ ■ • <g Ui t as a U'{q)k -module. 

(2) Assume that Rf \ (x,y) does not have a pole at (x,y) = (a u ,a^) 
for 1 < fx < v < I. Then any non-zero U'Jg) k -submodule ofV{wi 1 ) ai ® 
••■(g) V{wi l ) ai contains ® - • • (g u% v 

Proof. We may assume that K is generated by ai, . . . , a\ over k. Since 
k is an algebraically closed field with infinite transcendental dimension 
over k, there exists an embedding K <^-> k. Hence we may assume 
K = k. 

Since the proof of (2) is similar, we shall only prove (1). We prove 
(1) by induction on the number of pairs (u, fi) with v < \i and a v ^ a M , 
which we denote by n. If n = 0, the assertion follows immediately 
from Conjecture |]. If n > 0, take v such that a v ^ a v +i- Hence 
a v+i < a v Then Corollary |2.1| implies that Rf°* tiu (x, y) does not have 
a pole at (a;, y) = (a u+1 ,a u ). Since i?J 1 ° r ii/+i (x, does not have a pole 
at (x,y) = (a u ,a v+ i) by the assumption, 

and 

are inverse of each other. Hence we can reduce the original case to the 
case where u and v + 1 are exchanged, in which n is smaller than the 
original one by 1. Hence the induction proceeds. □ 

Assume the condition (1) in the preceding Corollary |2.2| . Let R be 
the intertwiner 

R : 1 / (ro il ) ai (g • • • g) 7(^)0, 7(ro i; ) ai (g • • ■ (g V(t<7ii)ai 

sending tt^ (g • • • <g) w i; to (g • • • <8> Mi! , obtained as the product of 
R^{a u ,a^) withl<v<//<Z. 

Corollary 2.3. Under the condition (1) m Corollary \2.8j , Im(i?) is 

Note that the condition (1) is satisfied if K = k and a± < • • • < ai, 
and hence we can apply the corollary. 

Proof. By Corollary [2.2| (1), Im(i?) is generated by the dominant ex- 
tremal vector Mj ; (g • • • (g itjj. Since any submodule of Im(i?) contains 
the same vector by Corollary |2.2| (2), Im(i?) is irreducible. □ 
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In fact, Im(R) is absolutely irreducible. Let us recall that, for a 
(not necessarily algebraically closed) field K containing k, a U'(g)K- 
module M finite-dimensional over K is called absolutely irreducible if 
the following equivalent conditions are satisfied. 

(1) For some algebraically closed field K' containing K, K' <S>k M is 
an irreducible [/^(fl^-module. 

(2) For any algebraically closed field K' containing K, K' ®k M is 
an irreducible Lf'(0)x/-module. 

(3) M is irreducible and End u^ B ) K ( M ) - K - 

Corollary 2.4. For a G k x , y/x = a is a pole of R^° v (x, y) if and only 
if a G m and V{vjj) ® V(vjf) a is reducible. 

Proof. By Corollary |2j], if y/x = a is a pole of Rf° r (x, y), then a G m. 
By a similar argument to Corollary |2.1| , the irreducibility of V{wi) ® 
V{wj) a implies that y/x = a is not a pole of i?^ or (x, y). Now assume 
that y/x = a G m is not a pole of R™ T (x,y). Since R™ r (a, 1) is well 
defined, i?^ or (l,a) is invertible. Hence V{wi) ® V{wj) a is irreducible 
by Corollary [2.3| . □ 

Corollary 2.5. Let K be an algebraically closed field containing k. If 
M and M' are irreducible finite- dimensional integrable U'(g)x -modules, 
then M (g) M' z is an irreducible U' q (Q) k -module except finitely many 

zeK. 

Proof. Let M (resp. M') be the irreducible subquotient of V(wi 1 ) ai <8> 
• ■ ■®V(w im ) am (resp. V faO^ ®- • ■®V r (u7 ) am ,) such that R^(x,y) 
(resp. i?p°y(x, ?/)) does not have a pole at (x, = (a u ,a^) (resp. 
(x, = (a^,a')) for 1 < z/ < /i < m (resp. 1 < ^ < /i < m'). 
Then Corollary |2.3| implies that M is isomorphic to the image of the 
.R-matrix 

R : V — > W, 

where V = V{w h ) ai <g> • • • ® ^(ro im ) 0m and W 7 " = V"(tu im ) am ® • • • <g> 
V{wi 1 ) ai . Similarly M' is isomorphic to the image of 

R' : V — > W' , 

where V = Vfe' )„' ® • • • ® V ) a > and W — Vim? ) a > <£> • • • ® 
V{w i i^) a i i . If 2 is generic , Rf^, (x, y) does not have a pole at (a;, y) = 
(a u ,za' u ,) and -Rf° r j (x,y) does not have a pole at (x, y) = (za' u ,,a v ). 

Hence the .R-matrix W ® H 7 ^ — > H 7 ^ ® H 7 is an isomorphism. Hence the 
image of the composition 

y^y, J^f^ W®W' Z — W^®W 
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is isomorphic to M® M' z and it is irreducible by Corollary [2l| □ 

Hence the intertwiner M ® M' z — > M' z ® M is unique up to constant. 
We give a conjecture on the poles of the i?-matrices. 

Conjecture 2. For i, j G I Q , the pole of the normalized i?-matrix 
Rl° r (x,y) has the form y/x = ±g n for n G 7~ 1 Z with < n < (5, p) 

except (where 7 is defined in (O)). In the case the third 



root of unity appears in the coefficients. 

As seen in the appendix, this is true for A£> and C^>. 
We can also ask if the following statements are true. 

(2.2) Rf° r (x,y) has only a simple pole. 

(2.3) If (x, y) = (a,b) is a pole of R1° r (x,y), then the kernel of 
Rj° r (b, a) : V{wj)b ® V{wi) a — > V{wi) a ® V{wj)b is irreducible. 

3. Reduction of the conjecture 

In this section we shall prove that Conjecture [l] follows from Con- 
jecture H below. Let m = Un>o ? 1 ^ n C[[g 1 ' n ]] be the maximal ideal of 
A. 

Conjecture 3. For every i G I , there exist N G N, b\, ■ ■ ■ , few, c\, ■ ■ ■ ,cn G| 
m\{0}, Si, . . . ,sn, ti, . . . , tjv £ -^0, an irreducible finite-dimensional 
U' q (g)j,-mo<Me and a l^(fl) r linear map ^ : V{wi) ® V(w Sfl ) bfi — > 
V{vj t „)c M ® ^ for /i with 1 < /i < AT, satisfying the following con- 
ditions. Define F = 0^_ ro .„ V{wi)^ (recall that — Wi* is the lowest 
weight vector of V{w,j)) and F M = {v G i^-il^^u (g> w a ) = 0} for 
< fi < N._ 

(1) F N = kui. 

(2) ® c ^(^m)^ ® "V 

(3) V(tx7 Sfi ) feM is not isomorphic to V(zu t/l ) Cli . 

(4) y{^sa)ba is n °t a component of (see Definition |173| ) . 

Here u s and w M are dominant extremal vectors of Viwg^b^ and W M , 
respectively. 

Let us show that Conjecture || implies Conjecture [1] (2). 

For 01, . . . , a p G fc*, let P(ai, . . . , a p ) denote the following statement. 



P(ai, . . . , a p ): For indeterminates Xi, . . . ,Xi, any dominant extremal 
vector of the ^(g)^,...,^) -module V^-J^ <g> • • • <g> V(wj t ) Xl ® 
VijDiA^ ® ■ ■ • ® V{w ip )a v is a constant multiple of u,j x ®---®Uj l ® 
u h ®---® u ip . 

Assuming Conjecture |3], we shall prove the following lemma. 
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Lemma 3.1. Ifai, ... ,a p Ek* satisfy a x > ■ ■ ■ > a p , thenP(ai, ... ,a p ) 
holds. 

Since any non-zero finite-dimensional module contains a dominant 
extremal vector, this lemma implies Conjecture |T| (2). We shall prove 
this lemma by induction on p. First assume p > 1. Then P(a\, . . . , a p -i)| 
holds by the hypothesis of induction. Set K = k(xi, . . . ,xi). Let x be 
another indeterminate. By the existence of i?-matrix, V(wj 1 ) Xl (g • • • <g) 
V(zuj t ) Xl (g V{w h ) ai ® ■ ■ ■ <g> V(zcr ip _ 1 ) ap _ 1 ® V(w ip ) x is isomorphic to 
V(w h ) xi (g) ■■■(g) V(w h ) Xl (g) V(zu ip ) x <g V(zu h ) ai <g • • • <g Vfa^Ja^ 
Hence P(ai, ■ ■ ■ , a p -i) implies that a dominant extremal vector of the 
^(fl)x(x)-module of V{w h ) Xl ®- ■ ■®V{w jl ) Xl ®V{'UJ h ) ai ®- ■ •(g)V r (a7 ip _ 1 ) a ^ 
V(tti p ) x is a constant multiple of <g • • • <g Wj, (g <g) • • • <g) 
Then it follows that a dominant extremal vector of U'Jq) ^-module 

V^jja,! <g> ■ ■ ■ (g V(tJ7j,)*J (g V{w il ) ai (g-'-(g V{w ip _^)a p - l ® ^(^i P ) 2 IS 

a constant multiple of <g> • • • Cg Uj t (g> «j x (g • • • <g> w, p except for finitely 
many z E k. This means that P(ai, . . . , a p _i, z) holds except finitely 
many z E k. Arguing by induction on the order of the zero of a p , we 
may assume from the beginning 

P(ai, . . . , a p _i, z) holds for any z G ma p \ {0}. (3.1) 

Let v be a dominant extremal vector of f/g(g)^-module V^ro^)^ (g) 
••■(g) V(zu jl ) Xl ® ^(tUiJoi <8> ■ ■ ■ ® ^(cc7j p ) ap . We shall prove that f is a 
constant multiple of <g ■ ■ ■ (g (g) «^ (g) • • • <g> w, p . 

We have <p : V^) (g V(w ip *) y -> jfe with y = (-l)0^ v ) g (M by 
(HJ). Set V" = VVjik®" • •®V r (tJ7 il ) a!J ®y(tJ7 il ) ai ®- ■ •®V(tJ7 ip _ 1 ) ai ,_ 1 . 
Then we have a morphism 

idy, <g> (<^ )a p : V" <g> ^(roij ap ® V(w ip *) apy -> V'. 



Lemma 3.2. We /icwe (idy/ (g) (v ? o)a p )('W (g) = 0. 

Proof. Assume that w = (idy/ <g> (<fo)ap)( v ® 7^ 0. Then it; is 
a dominant extremal vector of V. Hence w is equal to Uj x <g) • • • <g) 
itj ; (g (gi • • • (g Mij,.! up to a constant multiple by P(ai, . . . , a p _i). 
Therefore Theorem |1.2| implies that V{wi p *) a y is isomorphic to one of 
V(w h ) Xl , ... , V{w jl ) xv V(zu h ) ai ,- ■ ■ , V(w iv _ 1 )a p _ 1 . This is a contra- 
diction since y G qA. □ 

Since F = {w G V(o7 ip ); y2 (w <gu ip *) = 0}, we have v G V(g> (F ) ajJ . 
Now we shall show v G V (g) (P^) ap by induction on /i. Applying 
Conjecture || with i = i p , we have f/^(g)-linear maps (/p^ : V(tu ip ) <g> 
V{w s )u — > V(wt ) c (g) H 7 ^ for 1 < fi < N satisfying the conditions 



FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS| 

(1) — (4) in Conjecture |3|. Then this induces a homomorphism 

iaV®(<£v) 0p : V'®V(w ip ) ap ®V(w. lt ) apbM — > V ®V{w t ^ apC ^{W^) ap . 

Suppose that v G V ® (i^_i) ap , which is the case when // = 1. 

Lemma 3.3. VFe ftaue (idy/ ® (v 9 m)«p)(' i; ® = 0. 

Proof. The proof is similar to the one of the preceding lemma. Suppose 
that w = (idyi ® ((PiJ>)ap)(v (g) it a ) is not zero. Write u; as v" ® w M in 
virtue of the condition (2) in Conjecture 0, where v" is a non-zero 
vector of V <8> V"("Ci7 t )j. c . Since t> ® « s is extremal, so is v" ® uy 



Hence v" is a dominant extremal vector by Lemma 1.16 . Since a p c^ G 
ma p , the property P(ai, . . . ,a p _!,a p c M ) holds by (|3.1|), and hence t>" 
is a nonzero scalar multiple of ® • • • ® Uj t <g> ® ■ ■ • ® u ip £g> w t . 
Then Theorem [17^ implies that V(e7 s is isomorphic to one of 

V{w h ) Xl ,... ,V{w h ) X V V { W h)a x ,--- , V{w ip _ 1 ) ap _ x , Vlm^a^ OT to 

a component of {W^) ap . It, however, is not the case because of the 
conditions (3), (4) in Conjecture [5] and a p b^ G ma p . □ 

By this we have v G V <S> {F^) ap . Applying this process successively, 
we obtain v G V ®{F^) ap . Hence we have v G V ' ®Ui p by the condition 
(1) in Conjecture [3[ Write v as v' ®Ui p , where v' is a nonzero vector of 
V. Lemma |1.16| implies that v' is dominant and extremal. Therefore 
v' is a nonzero scalar multiple of Uj t <g) • • • ® Uj t (g (g • • • <g by 
the induction hypothesis on p. We have deduced the p case from the 
p — 1 case. 

It remains to prove p = case, which follows from the following 
lemma. 

Lemma 3.4. Any dominant extremal vector of the U' q (Q)^ xl ^ Xi ymodule 
V r (tu.i 1 ) x . 1 g) • • • <g V^ija;! a constant multiple of u^® ■ ■ ■ ® . Here 
Xi, ... ,Xi are indeterminates. 

Proof. It is enough to prove the assertion with x\ = ■ ■ ■ = X\ = 1. Let 



V denote V^tUjJ (g • • • (g V(tz7 i; ). By Corollary |1.13| , V is irreducible. 
Suppose now that V has a dominant extremal vector v that is not 
a constant multiple of <g ■ • • <g u ir Then U'(q)v does not contain 
Wii ® ■ • • <8> Mj ; since wt({7'(fl)w) C wt(t>) + ^ g j Z< cl(aj), which is a 
contradiction. □ 

Thus we have proved 



Proposition 3.5. Conjecture [| implies Conjecture [71. 
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4. Proof of Conjecture || for A$ and C^> 
In this section, we shall prove the following theorem. 

Theorem 4.1. Conjecture^ holds if q is A^> or . 

4.1. A^li Case. For the fundamental representations of U' q (sl n ), see 
Appendix |B.1| . We identify crystal bases of the fundamental represen- 
tations with the corresponding global bases. 
Let us prove Conjecture [3[ 

Since the i = n — 1 case can be reduced to the case i — 1 by 
the Dynkin diagram automorphism, we assume 1 < % < n — 1. Set 
N = i. For 1 < /i < iV = i, take = = i + 1, = 

(-g) l_Al+2 , c M = -g, W M = V (zu fj,—x) (^—qy-it+i and define : V{wi) ® 
V{w^)^_ q y~-^+2 — > V{w i+ i)_ q ® as the composition (see Lemma 

m- 

V(roi)lX)(u, / j-l)(_ (? ji- / j+2 

V(Wi) <g> V r (Ci7 (U )(_ g )i-M+2 > V(Wi) ® V{wi)(- q y+i <S> Wfj, 

(pi,i)- a ®W M 

(4.1) 

F(ro m )_, ® Wp. 

Then it is easy to check that Conjecture |3| holds with 

F fi = /c(l, . . . a M+ i, . . . ,aj) . 

fi<a^+i<---ai<n 



4.2. C^ 1 ) Case. For the fundamental representations of U'JC£>), see 
Appendix |C.l . 

For 1 < i < n, let Pi : Viwt) ® V{w 1 )^_ qs y+i — > V{w i+l )^ qs be 
(pi,!)-^. Let p n : 1/(tz7„) <g) V(roi) ( _g s )n+3 -> V(ci7 n _i)_, a be the com- 
position 

y(G7 n ) (g) V(roi)(_g s) n + 3 
in-l,l®V(ti7l)^_ g8 j n +3 

V(rc7 n -l)-<fe <g F(cC7i)(_ gs )l- w <g) F(cC7i)(_ gs)n +3 y(CT "~ l) ~ 9sSStr > y(ro„_i)_ 

Here tr is given in ( |C.1| ). 

For 1 < i < n — 1, set N — i. For 1 < fi < N = i, we set s^ = fi, 
t M = i + 1, 6 M = (-g s ) l_At+2 , = -g s and W M = 1 / (g7 a1 _ 1 ) ( _ (?s)! - m+ i. 
We define y? iiM : V(ra7i) <g> V(zu fM )^_ qs y~„+2 — > V(zu i+1 )- qs <g> as the 
composition: 
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V[Wi) ® V(w^) { _ qa y-„+2 ■ f > V[Wi) ® V{zui)(_ qs y+i ® Wf, 

i (4.2) 
V{m l+1 )- Qs ®W^. | 

Note that 6 M , c M G g s A 

For i = n, set N = n. For 1 < \i < n, we set s M = = n — 1, 
fyi = (-<?s) n ~ M+4 , c M = -g a and = V r (cc7 / ,_ 1 )(_ 9s)ra - M +3. We define 
</?„ )/Lt : V r (ct7 n )®y(cc7 (U )(_ ?a )n-M+4 — > V"(t37i + i)_ gs (8)W] Ii asthe composition 



V(tJ7n)®(»l,0— \n-/a+4 

^(CC7 n ) <g> 1/(tI7 M ) ( _ gs) n- M+ 4 > V(t37 n ) <g> V(t37i)(_ 5jj )T,+3 <g> Wf, 

I (4.3) 

Note that c M G q^A 
Then we have 

F M = {v G ^fa);^ ® CO')) =0 for 1 < j < fi}. 

Then Conjecture |] easily follows from the following lemma. 

Lemma 4.2. Fix 1 < % < n. Then 

{v G V(zui) | Pi (v = /or a// 1 < j < i} = kG(l, . . (4#) 



Proof. Let E be the left-hand-side of ( |4.4| ). Then .E7 is invariant by 
efc for any G J . Let us prove .E A = by induction on the weight 
A 7^ Wi. We can easily check the assertion when A = Wi — a.i, since 
V(zui)\ = kfiUi. If a weight A of V{wi) is not vji — Qjj, then A + afc 7^ cuj 
for any k E Iq. Therefore any v E E\ satisfies e^f = for all k G Jo by 
the induction hypothesis. This implies v = 0. □ 



Appendix A. Universal R-matrix 

In this appendix we shall calculate the normalized and universal 
i?-matrices of U'{q) for the fundamental representations following a 

variant of the recipe of Frenkel-Reshetikhin |J in the A^-i and C^ 1 -* 
cases. 

Let us choose the following universal i?-matrix. Let us take a base 
P v of Ug(g) and of U~(q) dual to each other with respect a suitable 
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coupling between U+(g) and U (g). Then for f/g(g)-modules M and 
N define 

R$%(U ® V) = g( wt («)' wt ^)) PuV <8> QyU , (A.l) 

V 

so that -R^v gives a L^(g)-linear homomorphism from M ®N to N ® 
M provided the infinite sum has a meaning. If M and N are finite- 
dimensional integrable modules, then R^" Nz converges in the z-adic 
topology. The existence of the universal .R-matrix for (M, N) is proved 
by 0] (see also |14j]). For a scalar a, the composition 

(RZ%) a :M a ®N a = (M® N) a -> (JV ® M) a = M a ® iV a 

is equal to R™J Na , and we sometimes confuse them. 

For irreducible ^(g)-modules M and AT, let us denote by R^f N (z) 
the R matrix M®N Z — > N Z ®M normalized by -RmatC^) ( m ® v ) — v®u 
for dominant extremal vectors u (resp. t>) of M (resp. iV). Let cImn( z ) 
be a denominator of R^[ N {z). Namely c(z) G A; [2, z~ l ] is divisible 
by d MN (z) if and only if c(2;)i?^5v(z) has no poles. Then cImn(z) is 
uniquely determined modulo z -1 ]*. Here k^^^ 1 ]* is the set of 
invertible elements of k[z, Hence 

jfe[ z> = {c2 n ; neZ, c G fc \ {0}}. (A.2) 

Since the intertwiner from M <g> N z to N z <g> M is unique up to a constant 
multiple by Corollary |2.5| , we can write 

Rmn(z) = a MN (z)R^ N (z). (A.3) 

If A and \x are the dominant extremal weight of M and N respectively, 
we have 

a MN (z)eq^\l+zk[[z]\). (A.4) 

Fori, j G Jo, we denote R^f(z) = R% T (z) = R^ )v{ . 

aij(z) = av^v^iz) and dij(z) = dy^y^^z). 

For a finite-dimensional £7'(g)-module M, let M* be the left dual of 
M and *M the right dual of M. Hence we have 

M*®M — fc fc — ► M®M* 

M®*M — jfe /.• — ► *M<g>M. 

We have 

M** ^ M g -2 ( s, P) and **M = M^cs.p) . (A.5) 

We have 

vfo)* y(OTi.) P .-i and *y(^)^y(^) r , 

where = (-l)fcp v ) 9 (M. 
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Let a i— > a be the ring automorphism of U'Jq) given by q = q^ 1 , 
(d)- = e h (fi)- = ft, q(h)~ = q(-h). For a [/^-module M, let M~ 
be the U q (o)-modu\e whose underlying vector space is M with the new 

action U' q (g) U' q (g) — > End (M). Then (M <g> iV)~ = N~ <g> M" 
and y(wj)~ = V(zi7j). Hence we have 

dji(z) = dij(z' l y modklzjZ' 1 ]*. (A.6) 

The conjecture || implies 

dji(z) = dij(z) mod -2 _1 ] x . (A. 7) 

Proposition A.l. For irreducible finite- dimensional integrable U'Jq)- 
modules V and W , we have 



a vw (z)a* vw (z) = ^ vw ^ mod k[z,z 1 ] x . (AA 
dw*v\z 



Proof. For a [/'(fl)-linear homomorphism cf) : V ® W z — > ® V, we 
shall define TV{4>) : Wj ® *V — >• *V (g> Wj as the composition 

W^®*y *y®y®W,<g)*y ^®^ ; *y <g> ® y ® *y 



The correspondence i— > TV ((f)) gives an isomorphism 

Hom(y ® W z , W z ® y) Hom(W 2 ® *y *y (8) Wy . (A.9) 

If we consider them as modules over k[z, z~ l ], then Hom(y <g> W 2 , jy z ® 
y) is generated by d vw (z)R^(z), and Hom(W z ® *V,*V ® W z ) is 
generated by c?vi/,*y(- 2 ~ 1 )-Rvi/ r *y( 2;_1 )- Hence we have 

7V(Uv(tw°w(i)) = rw,*v(r oo )^v(r o °) modiikrr. 

Then the result follows from R™\ v (z~ l ) = (R™* w (z))- 1 and a well 
known result 7V(7^ v (t)) = (TZ^{t))-°° (see §). □ 

This proposition implies 

a i , i (^)a^, J -(p*- 1 z) = modA^,*" 1 ]*. (A.10) 

VP z ) 

Applying (|A.8|) with *y instead of V, we have 

Q*yty(-g) a **yiy(^) = f v > w ( z ) mod fcfz, z -1 ]*. (A. 11) 

Using ( |A.5| ) we obtain the g-difference equation 

a™(*) _ d vw (z)d wv ( q ^z-i) mQdk[z7Z -^ A12) 



avw(q 2 ^z) dw*v{z l )d*v,w{z) 
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Write 

dji(z) =J[(z - x u ) and dj^(z) = Y[(z - y v ). 

V V 

Then by (|A.6|) , we have 

V V 

Then using (|A.4j ), we can solve the g-difference equation ( |A.12| ), 

lA ) ~ q n,(^;r 2 )oo(r 2 ^;^ 2 )oo ' 1 j 

Here p* = (-l)(^ v )g(M and (z; q)^ = U^Loi 1 ~ 

We are going to determine dij(z) and a%j{z) in the A$_ x and C« 
cases. 

Remark . We can see easily 

dv*,w*(z) = rf*y,*vy(-2) = d VyW (z). (A. 14) 

Hence 

av*,w*( z ) = a*v*w(z) = a v ,w(z), (A. 15) 

and 

di* d *(z) =di d (z). (A.16) 

Appendix B. case 
We shall review the fundamental representations and i?-matrices for 

B.l. Fundamental representations. The root data of g = A^_-y are 
as follows. 

I={0,1,... ,71-1} 

'2 if i = j 

-8(i = j + 1 mod n) — 8(i = j — 1 mod n) otherwise 

5 = « H h «n-l , 

c = h H h , 

(5,p) = (5,p v )=n + l. 

Here for the statement P, we define S(P) = 1 or — 1 according that P 
is true or false. 

Hence by (|1.6| ) the duality morphisms are given by 

k V{w n -i) (- q )n+i (g> V{wj) and V(tUi) (g> V A (tu„_ i )(_g)n+i —> k. 



(0ii,0£j) 
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By jL2) , the vectors of the crystal base B k of the fundamental rep- 
resentation V{w k ) (1 < k < n) are labeled by the subsets of Z/nZ = 
{1, ... , n} with exactly k elements. For < i < n — 1 and K C Z/nZ, 
we have 



/<(*) 



\ {i + 1}) U {i} if i + 1 G if andi 

otherwise, 

(# \ {?}) U {z + 1} if i G if and i + 1 if, 

otherwise. 



In the case of the fundamental representations of U' q (sl n ), all the 
weights are extremal. Therefore we have ejG(&) = Gfab) and fiG(b) = 
G(fib) for every 6 in the crystal base. Here G(b) is the corresponding 
global base. Hence we can and do identify its crystal bases with the 
corresponding global bases. 

We have 

We present a lemma that is easily verified by calculation. 

Lemma B.l. For j, k > such that j + k < n, there exist following 
non-zero U' q (si n ) -linear homomorphisms. 

1. i jik : V{w j+k ) — > V(w j )^_ q - ) k <g> V(zu k )(- q )-j 
given by 

Hk(M)= £ {-qfWj®K. 

tJ=j,iK=k 
M=JUK, jnx=0 

Here ip{J,K) = §{(v, fi) G J x K ; v > fx}. 

2. p jk : V{wj) ( _ q) -k ® V(c7fc)(_,)i — ► ^(ro j+fe ) 
(jw en 6y 



Pj , k {J®K) 



-q)^ J ' K \j V) K) ifJf]K = dl 
z/Jnif^0. 

Here V{wq) and V(vj n ) are understood to be the trivial representation. 

B.2. i?-matrices. We shall recall the result of Date-Okado 0. 

Proposition B.2 ([g]). Fork, I G I 

min(k,l,n—k,n—l) 

d kl (z)= {z-i-q^+W). (B.l) 

v=l 

The universal i?-matrices can be easily obtained by ( |A.13| ) and ( |B.lj ). 
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Proposition B.3 ([0]). For k, I G Iq — {1, . . . , n — 1}, we have 

( z ) _ mm(k,l)-kl/n ((~ ( l) ]{k ^ z 'i Q 2n )oo((—q) 2n ^ <f n )oo 

kl[ 1 q ((-g) fe +^;g 2 ")oo((-g)"-^;g 2 ")oo ' 

Appendix C. C*W case 

C.I. Fundamental representations. The Dynkin diagram of 
is 

1 2 n-1 n 

0^0 — o — — 0^0 

—1E\ E\ —62 £2 ~ ^3 £ n-l — £n 

Here (£i)i=i,... )T i is an orthogonal basis of t*f such that (£j,£j) = 1/2. 
We have 



q if i = or n 
q 1/2 if 1 < i < n, 

5 = a + 2(aiH a„-i) + a n , 

c = /i + /ii H h /i n , 

(5, p) = n + 1 , 

< P V> = 2n, 

cc7j = Aj - A = £1 H h £i . 

We set q s = q 1 ^ 2 . Hence by ( |1.6| ) the duality morphisms are given by 

k — > V{wi) 2(«+i) ® Viwi) and V{wi) ® V{wi) 2(n+i) —-{0:1 ) 

We review the crystal base (Lk, of the fundamental representation 
V{w k ) (1 < A; < n) of U' q (Cjp). Recall that 1/(ro fc ) is as a l7 ff (C„)- 
module isomorphic to the k-th fundamental representation of U q (C n ). 
Hence by |13|, Bk is labeled by 



{(m)i=i I mi -< < m fc , m, G {1, . . . , n, n, . . . , 1}, 

i + (k — j + 1) < rrii if = rrij (i < j)} 
where the ordering on {1, . . . , n, n, . . . ,1} is defined by 

1 -< <n^n^ < T. (C.2) 

On Bk the actions of fi and with < i < n are defined as follows. 
As for i ^ 0, write i and i + 1 as +, i + 1 and i as — , and others as 
0. Then first ignore and next ignore H — . Then fib is obtained by 
replacing the leftmost + with — and e]o is obtained by replacing the 
rightmost — with +. 
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Lemma C.l. Ifb is of the form (1, a±, . . . , a k -i), then e^b = (ai, . . . , a k ^\, 
Otherwise e~ob = 0. 

If b is of the form (ai, ... ,dk-i, 1), then fob — (1, ai, . . . , a k -i). Oth- 
erwise fob = 0. 

Proof. It is easy to check that B k is a regular crystal with this definition 
of e and / . Set J = {1, 2, . . . , n — 1} C I. Then £> fc decomposes, as a 
crystal over Qj ~ A n _ 1? into irreducible components with multiplicity 
1. Hence there is a unique way to draw 0-arrows on the crystal B k over 
C n . □ 

The following proposition can be checked by a direct calculation. 

Proposition C.2. For fi, v with /i + v <n, there exist following non- 
zero U' q (C^) -linear maps: 

C.2. Normalized R-matrices. Let us calculate i?-matrices between 
a fundamental representation and the vector representation of U' q (C^). 
First recall that we have the following decomposition as L^(c7 n )-modules;|j 



V(w k ) © V( Wl ) = V(w k + n7i) © © V(w k ^). 

(C.3) 

Here V^(n7 ) is understood to be the trivial representation and V(zu n+ i) 
to be 0. Therefore the i?-matrix i?£° r (:r, y) : V(zu k ) x © ^(zui)^ — > 
V(wi)y®V{w k )x can be written as Rlf(x,y) = P^ k+1+ zj l _ 1 ®^i(y/x)P Wk+1 ® 
72(y/^)Pro fc _i, where P ro is a C/ ? (C„)-linear projection from V(a7fc) © 
V(g7i) to in © V{w k ) with to = zu k + Wi, ctffc+i or w k _\. 

Let -Uj and w- {% = 0, 1, 2) be highest-weight vectors in the U q (C n )- 
modules V{w k )®V {jxji) and V(zui)<S>V(zu k ) with highest weights zu k + 
w\ [i = 0), -07^+1 (2 = 1), w k -\ (i = 2). Remark that if A; = n we ignore 
tJ7 fc+ i, Mi, u[ and 7i(y/x). We set Qi = / /i • • • f n -ifnfn-i • • • /fe+i and 
Q2 = /0/1 ' ' ' /fc-i- Then Q(Ui is proportional to -u because its weight 
is w k + W\. Let us first determine 71, assuming that k ^ n. 

The following lemma is by direct calculation and we leave it to the 
reader. 

Lemma C.3. Let b be an element ofVfak) © V{w\) which is a ten- 
sor product of two lower global bases of V(zu k ) and V{w\) and has the 
weight vo k+1 . Then Q x b ^ if and only ifb = b x := G^ low \l, ... , k) © 
G ilow \k + 1) orb = b 2 := G^ low \2, ... ,&; + !)© G {low \l). Moreover 
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Q\b\ = q~ 1 y~ 1 u andQ\b 2 = x~ 1 Uq, where we setuo = G^ low \l, . . . , 

Lemma C.4. // we write U\ — b\ + Y^b^h a bb, where b runs over the 
set of tensor products of two lower global bases, then a b2 = (—q s ) k . 

Proof. There are relations 

ei (G« ow \l, . . . + ,k + l)®G« ow \i + l) 

-q s G ilow \l, . . . , i, . . . , k + 1) <g> G« ow \i)) = for 1 < % < k. 
It follows that a b , 2 = (— q s ) k . □ 

By these lemmas we have Q±Ui = (q^y^ 1 + (—qs) k x~ r )uo in V{w k )® 
V(w x ). 

Similarly we obtain the following two lemmas. 

Lemma C.5. Let b be an element ofV{wi) (g) V{w k ) which is a ten- 
sor product of two lower global bases of V{w\) and V(w k ) and has the 
weight w k+1 . Then Q x b ^ if and only if b = b[ := G^ low \l) <g> 
G {low \2, ... ,k + 1) or b = b' 2 := G^ low \k + 1) <g> G^ low \l, ... ,k). 
Moreover Qib[ = q^x^u'^ and Q\b' 2 = y -1 ^, where we set u' Q = 
G^ low \l) <g>G( ,ou, )(l,... ,k). 

Lemma C.6. If we write u[ = b[ + J2b^b[ a bb, where b runs over the 
set of tensor products of two lower global bases, then a b ' 2 = (—q s ) k . 

By these lemmas we have in V(zui) <E> V{wk) 

Qi«i = (q^x- 1 + i-qsfy- 1 )^. (C.4) 
Therefore we have 

x _ (-g s ) k ^y 

71 = y-(-*)*+V (C - 5) 

Next let us determine 72. For brevity, we assume that k 7^ 1 in the 
following four lemmas. 

Lemma C.7. Let b be an element ofV{vo k )®V{vo-y) which is a tensor 
product of two upper global bases of V(zu k ) and V{vo\) and has the 
weight vj k -\. Then Q 2 b ^ if and only if b — b 3 := G^ up \l, ... , k) <g) 

or b = 64 := G< up >(2, . . . , k, k) <g> G^^l). Moreover Q 2 b 3 = 
q^y^uo and = q s x~ 1] (Ai u Q> where we set u = G^ up \l, ... , k) <g) 

This lemma is by direct calculation and we leave it to the reader. 
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Lemma C.8. If we write u 2 = &3 + X^6 3 a bb, where b runs over the set 

of tensor products of two upper global bases, thena^ = —(—q s ) 2n ~ k+1 /[2] k _ 1 .\ 

Proof. There are relations. 

ei (G (up) (l,... ,k-l, i)®G (up \i) 

-q s G {up \l,... ,k-l, i + l)®G {up \T+T)) = for i = k,... ,n 

e n {G (up \l, ... ,k-l, n) ® G {up \n) 

-q 2 G (up) {l, ... ,k -1, n)® G {up \n)) = 0, 

ei(G (ttp) (l, ... ,k-l, ITT) ® G M (i + 1) 

-q s G iup \l,... ,k-l, T) ®G (up) (i)) = fori = *;,... ,n-l, 

e^iW^G^il, . . . , k - 1, n) ® G^\n) 
-q s G {up \l, ... ,k-l, n)® G {up \n)) = 0, 

ei(G {up \l, . . . ,i + l,...,k, k)®G^ up \i + l) 

-q s G iup \l, . .. ,k, k)® G {up) (i)) =0 for % = 1, . . . , k - 2. 

It follows that a b4 = -(- gs ) 2n - fc+1 /[2] fe -i. □ 
By these lemmas we have in V(zu k ) ® V(zui) 

Q2U2 = {q^y- 1 + {-q s ) 2n ~ k+2 x' l )u Q . (C.6) 
Similarly we obtain the following two lemmas for V{w\) ® V{wk). 

Lemma C.9. Let b be an element of V{vo-i) ® V{vDk) which is a ten- 
sor product of two upper global bases of V{w\) and V(wk) and has 
the weight Wk-i- Then Q 2 b ^ if and only if b — b' 3 := G^ up \l) ® 
G {up \2, ... ,k,k) or b = b' A := G {up) (k) ® G {up \l, ... ,k). Moreover 
Qib'% = q^x^^iu^ and Q 2 b' 4 = y _1 ^o, where we set u' Q = G^ up \l) ® 
G( up \l,... ,k). 

Lemma C.IO. If we write u 2 = b' 3 +J2b^b' 3 a bb, where b run over the set 
of tensor products of two upper global bases, thena^ = (—q s ) 2n ~ k+2 [2\k-i^ 

By these lemmas we have in V{wi) ® V(wk) 

Q 2 U> 2 = (C 1 *- 1 + {-q s ) 2n - k+2 y- l ){q s + CVo- (C.7) 
Therefore up to a multiple of an element of k we have 
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It is easy to check that this expression for 72 still holds even if k = 1. 
So we obtain the following result. 

Theorem C.ll. The normalized R-matrix is given by 

1 - (-q s ) k+1 z 1 ~ (-q s ) 2n - k+3 z 



if 1 < k < n, 



Hence we have 



v )(z- (-q s ) 2n+3 - k ) if 1 < A; 




'2, 



' V ; V ; |^-(-g s ) ri+3 if Jfe = n: 

We give the explicit form of i?-matrix for the vector representation. 
Proposition C.12. For bi, 62 G £>(roi) we have 

hi ® b 2 ifbi = b 2 , 
5 01 ® o 2 H 5- 6 2 ® »i y 0i 7^ 02, 

For 1 < a < n we have 

k (* - «?)(* - (-vs) 2n+2 ) {z- q i){ Z -{- qs r^) a ® 

^ {-qsY-Kl-qDzjz-l) 

i^f.) (a a) - - V (-g,) 2 - +fc+2 (l-a(^-l) fc ^ 
ll( K °® )_ ® 

> - ? s 2 )(* - Hz s ) 2 "+ 2 ) 59 jfe (^-g 2 )(^-(-g.) 2 "+ 2 ) 
^ ( _ )2 ^ 2(1 €) ( 1} 

fe =i (^-g 2 )(^-(-gs) 2n+2 ) z-ql 



The general djj with i,j 7^ 1 will be calculated at the end of this 
section with the aid of the universal i?-matrices. 



FINITE-DIMENSIONAL REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS^ 

C.3. Universal i?-matrices. We shall calculate the universal i?-matrices.l 
By ( |OD and QC^D , we have 



{k - l}{2n + 1 - k}{2n + 3 + k}{4n + 5 - k 
a lk {z) = a kl {z) = q s — — L r~TTTTn — I o( C 'i 



{k + l}{2n + 3 - k}{2n + 1 + k}{4n + 3 — k 

Here we employed the notation 

{m} = ((-q s ) m z; gf +4 ) 0O . (C.ll) 

Now we shall calculate a k i(z) for Z < fc. Consider the commutative 
diagram 



V(tU k ) ® V r (07 / _i) ( _ (?s) -i 2 ® V(c7i)(_ 9 ,)l-i 

/ 

V(C7{_l)(_ fc )-l a l / (W A .) (g l / (ti7i) ( _y s)i -l 

9 



(C.12) 



V(l37 i _ 1 )(_ 9s) -i z <g) V(ti7i)(_g s )l-i z ® y(cC7 fc ) ► V^j)*. <g) V(07fc) . 



Here 



g = y(^_ 1 ) ( _ 9fl) -i 2 <g> ^((-ft) 1-1 *) and h = R 



kl 



We have 



p,_ 1(1 (G(l...,Z-l)®G(Z)) = G(1,...,Z), 
i2^(z)(G(l,... ,fc)<g>G(Z)) = G(Z)®G(1,... ,Jfe). 

Chasing the vector G(l, . . . , fc) g> G(l . . . , Z - 1) ® G(Z) of V(w k ) ® 
V(zui-i)^ qs )-i z g) V(t37i)(_g e )i-i z in the diagram |C.12| , we obtain the 
recurrence relation 



a k i(z) = a k j-i((-q s ) 1 z)a k>1 ((-q s ) 1 1 z). 
Solving this, and noticing a k i = ai k , we obtain the following result. 

Proposition C.13. For k, I G Jo — {1, . . . , n}, we have 

M) {\k - l\}{2n + 2 - k - l}{2n + 2 + k + Z}{4n + 4 - \k - ZJ} 
H{) Qs {k + l}{2n + 2-k + l}{2n + 2 + k-l}{4n + 4-k-l} 

Here we used the notation {m} = ((— q s ) m z; q^ )oo- 
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C.4. Denominators of normalized J?-matrices. In this subsection 
we shall prove 



Proposition C.14. For 1 < k, I < n, we have 
dki(z) : | | ( : - {-q s 



m'm(k,l,n—k,n—l) 

n (* 

i=i 



min(fc,i) 
i=l 



\2n+2-fc 



This is already proved in the case 1 = 1. The case k = I = n is 
proved in |12|, Proposition 4.2.6]. We shall prove this proposition by 
reduction to those cases. Let D k i(z) be the right hand side of (|C.13| ). 

By ( |A.6|) , we may assume that k > I. First let us show that dki(z) 
is a multiple of D k i(z). In order to see this, by using Corollary |2~4j , it 
is enough to show that V{w k ) ® V{wi) a is reducible for any root a of 
Dki(z). For 1 < i < n — k, I, we have 

V{w k ) <g> V{wi) { _ qs) i 



\k-l + 2i 



V{w k ) ® V{wi)(_ qs) k+i ® V{w l _ l ) { _ qa)k -i+, 

V{w k ) ( _ qs y ® V{wi_i)^_ qs) k-i+i 

Here V{wq) is understood to be the trivial representation. Then one 
can easily see that the composition is not zero but u k ®ui is sent to zero. 
Hence V(vj k ) ®V {wi) ^_ qs ^k-i+2i is reducible. Similarly for 1 < i < I, let 
us consider 

V(w k ) ® V(wi) 

i k -i,i<3(ii,l-i) (_ qs }2n + 2-k-l + 2i 
V{^k-i)(-q s y ® V{ W i)(-q s y- k ® V(m i )(_ qs - ) 2n + 2-k+i <g> V(Wl-i)(_ qs )2n+2-k- 

2n+2-k-l + i 

V( w k-i)(-q s y ® V '(zJi-i) (_ qs y2n+2-k-l+i 

In this case also, the composition is not zero but u k ®ui is sent to zero. 
Hence V{w k ) ® V{w{) ^_ q ^2n+2-k-l+2i IS reducible. 
By ( |O0|) , we have 

a kl (z) a M ((-gs)- (2 "' +2) z) 
Hence we obtain 



l+i 



d k i{z) 



dkid-qsy^z- 1 ] 
d ki (z) = D kl (z)ip kl {z) 



mod k[z, z x ] x . 

(C.14) 
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for a polynomial ipki(z) satisfying 

M^^Mi-Qs^z- 1 ) modkfoz- 1 ]*- (C15) 
Now we shall use the following lemma. 

Lemma C.15. Let V' , V" , V and W be irreducible U' q (g) -modules. 
Assume that there is a surjective morphism V <E> V" — > V . Then 

d W y>(z)d W y>i(z)a W y(z) dyi ;W (z)d v » ;W (z)a VtW (z) 



d W y(z)a w ,v(z)a W y»(z) d v ,w(z)a V ',w(z)a V ",w(z) 
are in k[z, z^ 1 ] . 

Proof. In a commutative diagram 

W®V^®V% ► w®v z 

V;' & W •: \ " «<:) 
Vl®R"(z) 

V' z ® V? <g> W > V Z ®W, 

if #'(2) and R"(z) do not have poles, then so is R(z). To see the 
first assertion, it is enough to apply this to R'(z) = dwy(z)Rwv'(z), 
R"{z) = d W y»(z)Eff v „(z) and 

T3( \ _ d w,v> (z)dw,v» (z)awy(z) „ nor , 
d W y{z)a W y> {zja w ,v" \z) 
The second assertion can be proved similarly. □ 

We shall prove ipki(z) = 1 modk[z, z~ l ] x . 

Case k + I < n. We prove this by the induction on I. If / = 
1, it is already proved. If I > 1 then applying the lemma above to 
V(a7j_i)(_ 9s )-i <g) l / (roi) ( _ 9s)i -i -> we have 

dk,i-i{{-q a )~^z) d K1 ((-q s ) 1 - 1 z) a ki i(z) ^ ^ 
d kj i(z) a k j-i((-q s )- l z) a fci i((-g a ) , - 1 2;) 

Since 

afc,i-i(( - 9«)~ l2; ) 
ip k ,i-i(z) = 1 implies = 1 - 

Case k + 1 > n We shall first reduce the assertion to the k — n case. 
For k < n consider a surjection 

V(w k +i)(- qs )-i <8> y(n7i)(_ gs )2n+i-fc — > 



= 1, 
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given by the composition 

V(tUfc + i)(_ ga )-l ® F(ci7 1 )(_g s )2»+l-fe — ► V(ti7jfe) <g> V(roi) ( _ 9s) -i-fc <g> 

We have 

; - (-g s ) 4n+4 - fc - ; . 



Hence ^+1^(2) = 1 implies that ipki(z) is a divisor of z — (— q s ) 4n+4 ~ k ~ l . 
Then ( |C.15| ) implies that ipki{z) = 1. Hence, the descending induction 
on reduces the problem to the k = n case. 
We have 

Dfc.I-lCC-ft)- 1 *) 4,l((-g,)'~^) (lk,l( Z ) = z _ )2n+2-fc+« 

-Dfc,K 2 ) afc,«-i((-gs) _1 2;) ^^((-gs)' -1 ^) 

Hence by the similar argument to k + 1 < n case, ipk,i-i{z) = 1 implies 
that ipki(z) is a divisor of z — (— g s ) 2n+2_fc+i . Hence if I 7^ = n then 
we can reduce the I case to the I — 1 case. This completes the proof of 
Proposition U.14 . 
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